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Abstract 
The paper  deals wi th  the p l a n e  e l a s t o s t a t i c  c o n t a c t  problem 
f o r  an  i n f i n i t e  elastic wedge of a r b i t r a r y  angle .  The m e d i u m  is  
loaded through a frictionless r i g i d  wedge of a g iven  symmetric pro- 
f i le.  Using the Mel l in  t r ans fo rm fo rmula t ion  the mixed b o u n h r y  
va lue  problem is reduced t o  a s i n g u l a r  i n t e g r a l  e q u a t i o n  w i t h  t h e  
c o n t a c t  stress as t h e  unknown func t ion .  With t h e  a p p l i c a t i o n  of 
t h e  r e s u l t s  t o  t h e  f r a c t u r e  of the medium i n  mind, the main empha- 
sis i n  t h e  s t u d y  has been on t h e  i n v e s t i g a t i o n  of the  s i n g u l a r  
natvire of  t h e  stress state around t h e  apex of t h e  wedge apd on t h e  
de t e rmina t ion  of the c o n t a c t  p re s su re .  
1, INTRODUCTION 
The importance o f  the stress c o n c e n t r a t i o n  around i n t e r n a l  
s h a r p  c o r n e r s  i n  d e : i g n  has  long  been recognized and t h e  r e l a t e d  
problems have been e x t e n s i v e l y  s t u d i e d  (e.g., [ l l ) .  I n  most of 
these s t u d i e s  concern ing  t h e  "notch  e f f e c t "  it is  g e n e r a l l y  assumed 
t h a t  t h e  r a d i u s  of c u r v a t u r e  of t h e  notch  is  greater than  zero. 
Cons ider ing  t h e  sound des ign  p r a c t i c e ,  t h i s  assumption is  f u l l y  
j u s t i f i e d .  However, i n  components where the  expec ted  mode o f  
f a i l u r e  is  b r i t t l e  f r a c t u r e ,  f o r  t he  a p p l i c a t i o n  of t h e  r e l a t e d  
f r a c t u r e  c r i t e r i o n  it may be more convenient  and perhaps even nec- 
e s s a r y  t o  s tudy  t h e  l i m i t i n g  case of t h e  problem i n  which t h e  notch 
r a d i u s  of c u r v a t u r e  IS zero.  T h i s  would mean approximating t h e  
medium around t h e  notch by a wedge-shaped domain wi th  a g iven  
~1191e. The t r a c t i o n  boundary va lue  problem f o r  e l a s t i c  wedges a l s o  
has been ra ther  e x t e n s i v e l y  s t u d i e d  ( e .g . ,  [ 2  -111). - 
T h i s  w r k  w a s  supported by NSF under  t he  Grant  GK 42771X and by 
NASA under t h e  Grant  NGR 39-007-011. 
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Fig. 1. Geometry and notat ion for contact  problems in wedges. 
The problems which hdrc? n o t  been looked i n t o  are t h e  so -ca l l ed  
contact problems i n  wedge-shaped domains where t h e  e x t e r n a l  loads 
are a p p l i e d  t o  t h e  medium through a r i g i d  wedge of  a g iven  p r o f i l e  
(Fig. 1). T y p i c a l l y ,  t h e s e  are mixed boundary v a l u e  problems i n  
which i n  a d d i t i o n  t o  t h e  c o n t a c t  stresses the c o n t a c t  area i tself  
may be unknown. I n  t h i s  paper  w e  w i l l  c o n s i d e r  the p l a n e  elasto- 
s t a r i c  c o n t a c t  problem for a wedge w i t h  a r b i t r a r y  a n g l e  loaded by 
a r i g i d  f r i c t i o n l e s s  symmetric wedge wi th  a n  a r b i t r a r y  p r o f i l e .  
The main o b j e c t i v e  of t h e  s tudy  is  t.he de t e rmina t ion  of t h e  c o n t a c t  
p r e s s u r e  and t h e  s i n g u l a r  n a t u r e  of the  stress s ta te  i n  t h e  immedi- 
ate neiqhhorhood of t h e  wedge apex. 
2, FORMULATLON OiJ THE PROBLEM 
__II_&... -.-- 
The problem uiider c o n s i d e r a t i o n  is d e s c r i b e d  i n  Fig.  1. I t  is 
assumed t h a t  an i n f i n i t e  e las t ic  wedge ( 0  - < r < O D ,  - e o <  - -  9 < Bo, 
O <  Bo<?;\ is s u b j e c t e d  t o  an e x t e r n a l  r e s u l t a n t  l oad  of  magnitude 
Po throuqk a r i g i d  s p l i t t i n g  wedge (or v i s e )  of known p r o f i l e ,  Po 
acts a long  t h e  l i n e   IT, t h e  p r o f i l e  o f  t h e  wedge is  symmetrical 
w i t h  r e s p e c t  t o  the  0 = I T  p l ane ,  and the c o n t a c t  between t h e  r i g i d  
wedge and t h e  e las t ic  medium is  fr ic t ionless .  Thus, because of 
symmetry it i s  s u f f i c i e n t  t o  c o n s i d e r  one h a l f  of t h e  medium. 
Defining t h e  fo l lowinq  stress and d isp lacement  combinat ions 
u ( r , 0 )  = uro + i o g e  , 
us ing  t h e  s t a n d a r d  M e l l i n  transform, and, f o r  example, r e f e r r i n g  t o  
t h e  d e r i v a t i o n  g iven  i n  [ll], f o r  an i n f i n i t e  wedge one may e a s i l y  
o b t a i n  
2 
i (s+2) 8 - Ee-i (st21 9 ]  r,a [r  2 u l  = 2 i ( s + l )  [ A s e  + B ( s + l ) e  
I , (2a,b)  i ( s + 2 ) 8  + KBe - - i ( s + 2 )  8 2 -- ‘+I [&eiSe + B ( s + l ) e  4h[r VI = - u h. 
where ( r , 9 )  are t h e  p o i a r  c o o r d i n a t e s  (Fig.  l a ) ,  and t h e  Mel l in  
t ransform of a f u n c t i o n  f ( r ) ,  ( 0 2 r < M )  and i t s  d e r i v a t i v e s ,  and 
t h e  i n v e r s i o n  i n t e g r a l  are d e f i n e d  by 
m 
dd I f 1  = I f ( r ) r s - l d r  , 
0 
m n  
o dr” 
d f r n+s-ldr - I -  
(3a-c) 
provided t h e  s t r i p  of  r e g u l a r i t y  c o n t a i n i n g  c is selected i n  such 
a way tha t ,  cons ide red  t o g e t h e r  w i t h  t h e  behav io r  o f  f ( r )  as r +  0 
and r+- ,  t h e  i n t e g r a l s  i n  ( 3 )  e x i s t .  T h i s  means t h a t  t h e  r e g u l a r -  
i t y  c o n d i t i o n s  as r +  0 and r + m  de te rmine  the  s t r i p  o f  r e g u l a r i t y  
and t h e  c o n s t a n t  c .  I n  ( 2 )  p and IC are t h e  e las t ic  c o n s t a n t s  of 
3-v t h e  medium (p: s h e a r  modulus, K =  3-4v for  p l a n e  s t r a i n ,  K =  l + v  
for  p l ane  stress, v: P o i s s o n ’ s  r a t i o ) .  The complex “ i n t e g r a t i o n  
c o n s t a n t s ”  A and B a r e  f u n c t i o n s  o f  t h e  t r ans fo rm variable s ,  and 
are determined from the  bouqdary c o n d i t i o n s  g iven  a long  8 = ?Ao (or 
a long  0 = 0  and e =  Bo i f  t h e  problem has symmetry). 
I n  p a r t i c u l a r  c o n s i d e r  t h e  e las t ic  wedge of  a n g l e  2B0 s u b j e c t e d  
t o  (symmetric concen t r a t ed )  t r a c t i o n s  
0 (r ,  eo) = ( f l  + i f 2 )  S ( r  - ro) . ( 4 )  
The f u n c t i o n s  A ( s )  and B ( s )  may be determined from t h e  boundary 
c o n d i t i o n s  g iven  by ( 4 )  and by t h e  fo l lowing  c o n d i t i o n s  s p e c i f i e d  
3 
a long  0 = 0 :  
I m [ v ( r , O ) l  = o , Re[a( r ,O) l  = 0 . 
A f t e r  some manipulat ions it may e a s i l y  be shown t h a t  A and B are 
real and are given by 
g 2 c o s s 8  0 - g l s i n s B o  
A (SI B ( s )  = I 
A(s) = ( s+ l ) s in2e0  + s i n 2 ( ~ + 1 ) 8 ~  , 
(6a-d) 
S ince  t h e  f r i c t i o n  is neglec ted ,  l e t t i n g  f l = O ,  t h e  basic s o l u t i o n  
found above may be used as t h e  G r e e n ’ s  func t ion  t o  f i n d  the so lu-  
t i o n  for  d i s t r i b u t e d  t r a c t i o n s  age (‘,eo) = f 2  (r)  , ( a <  r < b ) .  
the  formulat ion of t h e  p r e s e n t  mixed boundary va lue  problem t h e  
In 
q u a n t i t y  0.f primary i n t e r e s t  is  t h e  displacem ,it d e r i v a t i v e  “oue/ar 
f o r  e =  eo which i s  found t o  be 
I f  now t h e  p r o f i l e  of t h e  r i g i d  stamp i s  a given func t ion  U ( r )  
a long t h e  c o n t a c t  a r e a  a <  r <  b ,  s u b s t i t u t i n g  
- a U ( r )  = h ( r )  ( a <  r < b)  ( 8 )  a - u g ( r r B o )  - ar ar 
i n  (7) w e  o b t a i n  an i n t e g r a l  equat ion  t o  determine t h e  unknown 
func t ion  f 2 ( r ) .  
of r e g u l a r i t y  con ta in ing  c h a s  t o  be determined. 
I n  o r d e r  to e v a l u a t e  t h e  k e r n e l  i n  (7) the s t r i p  
L e t  sk be the 
4 
roots of t h e  characteristic equat ion  A(s) = 0 ,  ( 6 c ) ,  i .e. ,  l e t  
A(sk) = 0 8 ( k = ? 1 , ? 2 , , . . ) ,  
1 < R e ( s  ) < c c R e ( s . 1  < R e ( s j + l ) 8  ( j  = 1 , 2  ,... 1 .  (9) R e ‘ s -  j-1 -j 3 
Thus, t h e  k e r n e l  may be expressed as t h e  sum of r e s i d u e s  a t  sk, 
( k = 1 8 2 8 . , . )  f o r  r o < r  and a t  s - ~ ,  ( k = 1 , 2  ,...) f o r  r o > r ,  t h e  
s t r i p  of r e g u l a r i t y  con ta in ing  c be ing  R e ( s - l )  < R e  (s )  < R e ( s + l )  . 
On the  o t h e r  hanci from t h e  p h y s i c a l  cond i t ions  t h a t  
and from ( 7 )  it is  e a s i l y  seen t h a t  s + ~ =  -1 and swl is t h e  f irst  
r o o t  of  A(s) t o  the l e f t  of R e ( s )  =-1 l i n e .  
S ince  t h e  r e s u l t i n g  i n f i n i t e  series g i v i n g  t h e  k e r n e l  i n  (7) 
cannot  be summed i n  closed form, and s i n c e  t h e  k e r n e l  i s  expected 
t o  have a s i n g u l a r  p a r t ,  i n  o r d e r  to  b r i n g  o u t  t h e  d i s t i n c t i v e  fea-  
t u r e s  of  the i n t e g r a l  equa t ion  t h e  fo l lowing  technique w i l l  be used 
t o  e v a l u a t e  the  ke rne l .  
convenience t h e  l i n e  of  i n t e g r a t i o n  Re(s) = c i n  (7) may be rep laced  
by l e t t i n g  c = - 1  and inden t ing  t h e  contour  t o  t h e  l e f t .  Thus 
d e f i n i n g  
Noting t h a t  R e ( s - l )  < c <  -1, f o r  numerical  
(11.1 rO s+l = i y  , l og (+  = P I 




( ro)dro  28, + sinzoo 
l b  - -  ‘IJ r h ( r )  = 7 I 
a 1+ : 
5 
where 
f ( r )  = f2 ( r )  @ 
D(y) = ysin200 + sinh2eoy . 
I t  may be shown that as r o + r  the  i n f i n i t e  i n t e g r a l  i n  ( 1 2 )  becomes 
d ive rgen t .  S ince  the in t eg rand  is  bounded everywhere i n  ( O <  - r <  w ) ,  
the divergence  w i l l  be  due t o  the  behavior  of t he  i n t e g r a n d  a t  
i n f i n i t y  and t h e  d i v e r g e n t  p a r t  may e a s i l y  be s e p a r a t e d  by cons id-  
e r i n g  t h e  asymptotic behavior  of t h e  i n t e g r a n d  as y + a ,  g i v i n g  
n s i n  2 0, 
- 1 - h ( r )  = - I 
a 1 + K  (ro) dro ' r log (ro/r) r (200 + s i n 2 0 0 )  4P l b  TI 
00 cosh200y - ~ 0 ~ 2 8 ~  1 + I (  D (y)  - 1) sinpydy I ,  
0 
(a < r < b). 
From 
- -  1 [l + O ( y - 1 ) I  rO r -r 
0 
( 1 4 )  
(15 )  
it is seen  t h a t  a t  r o = r  t h e  k e r n e l  i n  ( 1 4 )  has a s imple  Cauchy- 
type  s i n g u l a r i t y .  The s i n g u l a r  i n t e g r a l  e q u a t i o n  ( 1 4 )  must be 
so lved  under t h e  c o n d i t i o n  t h a t  
b 
a f ( r ) d r  = P = - 2sinBo (16) 
which w i l l  have t o  be used i n  t h e  de t e rmina t ion  of t h e  unknown con- 
s t a n t s  a r i s i n g  from t h e  s o l u t i o n  of  (14). 
3. THE STRESS INTENSITY FACTOF! 
From t h e  viewpoint  of f r a c t u r e  of t h e  material an impor t an t  
a s p e c t  of t h e  problem i s  t h e  s tudy  of the  s i n g u l a r  behavior  of t h e  
6 
stress state i n  t he  close neighborhood of t h e  apex r =  0.  I n  par-  
t i cu la r ,  it is  impor tan t  t o  e v a l u a t e  t h e  cleavage stress around 
r =  0 as a f u n c t i o n  of  the e x t e r n a l  l oad  and the  geomet r i ca l  param- 
eters. I n  t he  symmetric problem under c o n s i d e r a t i o n  t h e  p l ane  of 
t h e  maximum c leavage  stress age is known t o  be  8 = 0  [lo]. 
us ing  f l =  0 ,  f 2 ( r )  = f (r) from ( l a ) ,  (2a) and (6) w e  o b t a i n  
Thus, 
G ( s )  = ( s + 2 ) s i n ( s + 2 ) e o  - s s i n s e ,  . (17a,b) 
For r < a  i n  (17) c l o s i n g  t h e  contour  to  the  l e f t  and c o n s i d e r i n g  
(9 )  w e  f i n d  
W e  now observe  t h a t  (18a) is of the  fo l lowing  form 
where C1,C2, ... are known c o n s t a n t s .  
r o o t s  of t h e  fo l lowing  c h a r a c t e r i s t i c  equat ion:  
s - ~ ,  ( k = 1 , 2 ,  ... 1 a r e  t h e  
A(s) = ( s + l ) ~ i n 2 0 ~  + s i n 2 ( s + l ) B o  = 0 , ( R e ( s )  < -1). (20)  
I t  should be noted  t h a t  ( 2 0 )  is  t h e  sane as t h e  characteristic 
equa t ion  found i n  p rev ious  s t u d i e s  (e.g., [ 3 ,  4 ,  1 0 ,  1 1 1 ) .  For 
7 <-eo - < 71 from ( 2 0 )  it may be shown t h a t  s - ~  i s always r e a l  and II 
This  means t h a t  i n  ( 1 9 )  on ly  t h e  f i r s t  term may be s i n g u l a r  a t  
r=O. Thus, d e f i n i n g  t h e  stress i n t e n s i t y  f a c t o r  f o r  t h e  wedge as 
7 
w 
k ( O )  = l i m  r aee ( r , g )  = c1 , = 2+s-l ,  
P O  




from (18) and (19j w e  o b t a i n  
99 108 117 120 ."GTl 
0.16631 0.28220 0.36327 0.38427 0.41886 
1 4 4  150 16 5 172. E! 180 
0.47829 0.48778 0.49855 0.49982 0.5 
For some selected half-wedge a n g l e s  Bo Tab le  1 shows t h e  power 0 
of t h e  stress s i n g u l a r i t y  a t  t h e  apex r =  0. I n  t h e  s p e c i a l  case 
of concen t r a t ed  a p p l i e d  1 t  s 
the stress i n t e n s i t y  factor becomes 
where G and A '  are g iven  by (17b) and (18b) ,  r e s p e c t i v e l y .  A f t e r  
de t e rmin ing  k ( 0 )  t h e  r e s u l t s  may be a p p l i e d  t o  s tudy  t h e  f r a c t u r e  
of b r i t t l e  and semi-brittle solids by u s i n g  an a p p r o p r i a t e  f r a c t u r e  
c r i t e r i o n  (such as, f o r  example, t h a t  based on t h e  n o t i o n  of c r i t i -  
cal  cleavage stress a t  a c h a r - t c t e r i s t i c  d i s t a n c e  from t h e  s i n g u l a r  
p o i n t  d e s c r i b e d  i n  [ 1 2 ] ) .  
4.  SPECIAL CASES: eo = T ,  e,= ~ / 2  
I n  t h e  s p e c i a l  cases where t h e  wedge d e g e n e r a t e s  i n t o  a 
cracked plane (0, = n) or a h a l f  space  (eo = n/2) t h e  kernel of t h e  
8 
i n t e g r a l  e q u a t i o n  114) may be e v a l u a t e d  i n  c l o s e d  form. For exam- 
ple,  f o r  O o = ' 8  t he  k e r n e l  i n  (14) becomes 
dD 
1 
~ l r i h 2  TY i- 1) - s inpydy ~ 0 s h 2 T y  - 1 - -  1 K ( r , r o )  = - + ( -  rp  0 
giving 
,261 
The s o l u t i o n  of ( 2 7 )  may e a s i l y  be o b t a i n e d  once t h e  p r o f i l e  of t h e  
r i g i d  wedge is  s p e c i f i e d .  I f  t h i s  we\lge has p l a n e  boundar i e s  and 
s h a r p  c o r n e r s  (a  t h i n  r i g i d  block w i t h  r e c t a n g u l a r  c r o s s - s e c t i o n ) ,  
h ( r )  = 0 ,  and the  sc u t i o n  of ( 2 7 )  s u b j e c t  t o  t h e  e q u i l i b r i u m  c m - -  
d i  t i o n  (16 1 becomes 
where K(k) is 
t h e  modulus 
k2 = b-a 
t h e  complete  e l l i p t i c  i n t e g r a l  of t h e  first k i n d  w i t h  
(29) 
I n  l i m i t  i f  w e  let  b + m ,  a+.. for a f i x e d  b-a-2c,  ( 2 8 )  r educes  t o  
t h e  fo l lowing  known r e s u l t  of a r e c t a n g u l a r  punch on  a h a l f  p l a n e  
b+a 
I ( t = r - -  , - c < t < c ) .  P f ( r )  = 
T W  
( 3 0 )  
I n  t h i s  s p e c i a l  case of s e m i - i n f i n i t e  c r ack  s - ~  = - 3 / 2 ,  and 
t h e  stress i n t e n s i t y  f a c t o r s  a t  r =  0 g iven  by (23)  and (25) become 
k ( 0 )  = l i m  fi a g g ( r , O )  = - - TT ' I  
r+O a 
dr b I P G  = -  
2.rrK(k7- a rm-a) (b-r) 
f (r  ) r-1/2dr 
9 
f o r  the r e c t a n g u l a r  wedge problem, and 
A 
f o r  t h e  c o n c e n t r a t e d  load P a p p l i e d  a t  r = r l .  
I n  t h e  wedge problems i n  3;eneral and i n  t h e  s e m i - i n f i n i t e  
c r ack  problem i n  p a r t i c u l a r  a n o t h e r  q u a n t i t y  of s p e c i a l  p h y s i c a l  
i n t e r e s t  may be t h e  d i sp lacemen t s  on t h e  wedge su:Eace, p a r t i c u -  
l a r l y  t h e  r i g id  body d i sp lacemen t  o f  the s p l i t t i n g  wedge. Not ing  
t h a t  t h e  basic e q u a t i o n s  (71 ,  ( 1 2 1 ,  (141 ,  or (27) g i v e  t h e  d i s -  
placement derivative a u g ( r , e o ) / 3 r  f o r  a <  r <  b as w e l l  as o u t s i d e  
t h i s  i n t e r v a l ,  once t h e  unknown f u n c t i o n  f ( r )  i s  de termined ,  3ug/3r  
and ~ ~ ( r , 0 ~ )  may e a s i l y  be e v a l u a t e d .  For example, i n  t h e  c rack  
problem s u b s t i t u t i n g  from (28) i n t o  (27)  
we f i n d  
a 1 + K  P a  1 - u ( T I T )  = --ar 0 4 u  2 K ( k )  Jr (a-r) (b-r) 
and ;sing ( 8 )  f o r  0 < r < a 
, ( O < r < a ) ,  
whcrc  F(k',cx) i s  the e l l i p t i c  i n t e g r a l  of t h e  first k i n d .  The 
r e l a t i o n s h i p  between t h e  r e s u l t a n t  wedging f o r c e  P and t h e  h a l f  
t h i c k n e s s  do o f  t h e  r i g i d  wedge may be o b t a i n e d  from (33b) by 
l e t t i n g  r = a which g i v e s  
1 + ~  K ( k ' )  . 
4 p  K ( ? L )  u O ( a , n )  = do = - .- (34)  
I n  terms of t h e  h a l f  wedge t h i c k n e s s  do t h e  stress i n t e n s i t y  f a c t o r  
g iven  by (31) becomes 
10 
2cldo 
( 1 + ~ ) 6  K ( k ' !  
k ( 0 )  = - (35) 
For b > >  a (and i f  t h e  wedge f a c e s  remain i n  c o n t a c t )  ( 3 5 )  may be 
approximated by 
S i m i l a r l y ,  for 6 = n ,  t h e  i n t e g r a l  equa t ion  ( 1 4 )  may be shown 
0 
t o  reduce to 
Solv ing  ( 3 1 )  f o r  a f l a t  r e c t a n g u l a r  punch ( h ( r )  = 0) under t h e  con- 
d i t i o n  ( 1 6 )  w e  o b t a i n  
f ( r )  = 2 P r  ( a <  r < b ) .  I 
r/(r2 - a2)  (b2 - r2)  
( 3 8 )  
This  is t h e  known solution f o r  t h e  c o n t a c t  stress i n  a h a l f  p l ane  
loaded by t w o  symmetr ica l ly  located punches [ 1 3 1 .  
5. SOLUTION AND RESULTS 
I n  t h i s  s e c t i o n  t h e  s o l u t i o n  of  t h e  problem w i l l  be  d e s c r i b e d  
and some r e s u i t s  w i l l  be given f o r  t h r e e  d i f f e r e n t  t y p e s  of r i c i c i  
s p l i t t i n g  wedge p r o f i l e ,  namely, ( a )  " t h e  f l a t - ended  wedge w i t L  
s h a r p  co rne r s "  f o r  which a and b are  known ( i n s e r t  i n  F ig .  2 1 ,  
(b )  " t h e  c i r cu la r  wedge" for  which a and b are both  unknown (F ig .  
IC), and (c )  " t h e  wedge wi th  one s? la rp  co rne r "  for w h i c h  o m  end 
p o i n t  of t h e  c o n t a c t  r eg ion  i s  known and t h e  c t h e r  i s  unknown 
(Fig .  l a ,  b ,  d ) .  i l a themat i ca l ly  t:itlse t h r 2 e  cases are  c h a r a c t e r i z e d  
by t h e  index of  t h e  s i n g u l a r  i n t e g r a l  equa t ion  (14). The i n t e g r a l  
11 
equa t ion  is the same f o r  a l l  t h r e e  cases excep t  f o r  t h e  i n p u t  func- 
t i o n  h ( r )  which describes t h e  p r o f i l e  of t h e  r i g id  wedge ( 8 ) .  I n  
t h e  f i r s t  case the index  o f  the problem is  +1, and t h e  s o l u t i o n  of 
t h e  i n t e g r a l  e q u a t i o n  ( 1 4 )  c o n t a i n s  a n  a r b i t r a r y  c o n s t a r t  which is 
determined from t h e  e q u i l i b r i u m  c o n d i t i o n  (16) [141. For t h e  case 
o f  the c i r c u l a r  wedge t h e  index  is -1 and the unknowns a and b are 
determined from (16) and the cons i s t ency  c o n d i t i o n  of t h e  i n t e g r a l  
equa t ion  [14] .  F i n a l l y  i n  the t h i r d  case the  index  is  zero and t h e  
unknown a or b is determined from (16) .  I n  a l l  three cases t h e  
i n t e g r a l  equa t ion  is solved by us ing  t h e  simple numerical  method 
described i n  [ l S j  and [16]. Hence, i n  this paper  w e  w i l l  p r e s e n t  
on ly  the numerical r e s u l t s .  
(a) The f la t -ended  wedge w i t h  s h a r p  co rne r s .  
This  problem i s  desc r ibed  by t h e  i n s e r t  i n  Fig.  2 .  I n  t h e  
problem, i n  a d d i t i o n  t o  t h e  stress i n t e n s i t y  f a c t o r  d e f i n e d  by (22)  
and given by (23), other q u a n t i t i e s  of  interest  are the  c o n t a c t  
stress f(r) and t h e  c o n s t a n t s  d e s c r i b i n g  t h e  n a t u r e  of the  stress 
s i n g u l a r i t i e s  a t  t he  c o r n e r s  a a;id b of t h e  r i g id  wedge. 
p rob lea  h ( r )  = 0 and the s o l u t i o n  of ( 1 4 )  may be expressed  as  
For t h i s  
b+a a < r c b ,  - 1 < x < l ) ,  (39)  ( r =  c x t d ,  c = 2, d =  -b-a 2 '  
where fo(r) and F(x)  are bounded i n  t h e  r e s p e c t i v e  c l o s e d  i n t e r v a l s  
for r and x. The c o n s t a n t s  c h a r a c t e r i z i n g  t h e  s t r e n g t h  of t h e  s i n -  
g u l a r i t y  of t h e  c o n t a c t  stress a e e ( r , 8 , )  = f ( r )  a t  r =  a and r =  b may 
be def ined  by 
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F i g .  2. The ratio of t h e  strength of stress s i n g u l a r i t i e s  at the  
sharp corners r =  a and r = b  of a r i g i d  wedge pressed into 
an elastic wedge-shaped medium. 
k ( a )  = l i m  /= f (r)  , 
k ( b )  = l i m  4- f ( r )  . (40a,b)  
Table  2 shows t h e  stress i n t e n s i t y  factor k ( 0 )  defined by (22) and 
the c o n s t m t s  k ( a )  and k ( b )  fo r  v a r i o u s  wedge angles 2e0 and ra t ios  
d/c r e p r e s e n t i n g  t h e  relative dimensions. The no rma l i z ing  f a c t o r  
P/(nfi) g iven  fo r  k ( a )  and k ( b )  i s  t h e  s t r e n g t h  of c o n t a c t  stress 
s i n g u l a r i t y  f o r  t h e  h a l f  p l a n e  obtained from (30) and ( 4 0 ) .  The 
power of the stress s i n g u l a r i t y  w a t  r = O  for t h e  wedge a n g l e s  
n /2<Bo<7r  - is  g i v e n  by Table  1. Most of t h e  r e s u l t s  g iven  i n  Table  
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Table  2. S t r e s s  i n t e n s i t y  factors for  t h e  flat-ended 
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s i n g u l a r .  
inc luded  (F ig .  I d ,  where both  c o r n e r s  o f  t h e  r i g i d  " v i s e "  are 
s h a r p ) .  
However, for d = 2 c  some r e s u l t s  f o r  O <  B o <  lr/2 are a l s o  - 
r 
1 0.6494 0.2334 -0.2334 -0.6494 -1 
From t h e  h a l f  p l ane  s o l u t i o n  g iven  by (38) (eo =go0  i n  Table 
2 )  it may be observed t h a t  k ( b )  > k ( a )  and k ( a )  = 0 f o r  a =  0. Th i s  
means t h a t  i f  t h e  punches are d i sconnec ted ,  t h e y  may t end  t o  tilt 
and slide outward and away from each  o t h e r .  F igu re  2 shows an 
i n t e r e s t i n g  r e s u l t  ob ta ined  from T a b l e  2, namely t h a t  eo= 130' 
seems t o  be a c r i t i ca l  wedge ang le .  
f o r  Bo < 1300, k ( a )  < k ( b )  . For s m a l l  and l a r g e  a n g l e s  t h i s  behav io r  
is ,  of cour se ,  expected.  However, i t  appea r s  t h a t  (even though it 
is  d i f f i c u l t  t o  prove)  t h i s  v a l u e  of the wedge ang le  for which 
k (a) = k (b) ( implying an approximately symmetric p r e s s u r e  d i s t r i b u -  
t i o n  under t h e  wedge) i s  independent  of t h e  r e l a t i v e  dimensions as 
c h a r a c t e r i z e d  by d/c. 
For Bo > 1300, k ( a )  > k ( b ) ,  and 
1 0.3316 0.5961 0.8208 0.9062 0.8215 
To g i v e  an idea about  t h e  c o n t a c t  str, i d i s t r i b u t i o n  Table 3 
shows some c a l c u l a t e d  r e s u l t s  a t  a l i m i t e d  number of  l o c a t i o n s  for 
v a r i o u s  v a l u e s  of t h e  wedqe a n g l e  and f o r  d =  2c. The variable x 
0.3282 
and t h e  f u n c t i o n  F(x) shown i n  t h e  table are d e f i n e d  i n  ( 3 9 ) .  
Table  3. The measure of t h e  d i s t r i b u t i o n  of c o n t a c t  stress, 
















































T h i s  problem is described i n  Fig.  IC where t h e  i n p u t  
f u n c t i o n  is  (8)  
A C  - f  k (0) p / ( l r R 1 - w )  2P max b 1 + ~  pX1o3 - - 4 3  -R 
1.009996 O.lS71 0.7215 1.0000 
1.049899 3.9258 0.7217 1.0001 
1.099575 15.6891 0.7224 1.0004 
The new variable x and t h e  unknown c o n s t a n t s  c and d a p p e a r i n g  i n  
(41) are d e f i n e d  by (39 ) .  The problem as formula ted  by (14)  is  
l i n e a r  i n  f ( r )  and d and is  h i g h l y  n o n l i n e a r  i n  y. Hence it i s  
solved i n  a n  i n v e r s e  manner by p r e - s e l e c t i n g  y ,  s o l v i n g  for  f ( r )  
and d ,  and t h e n  through (16) de t e rmin ing  the  co r re spond ing  P. 
Table 4 shows some calculated results f o r  v a r i o u s  v a l u e s  of y.  
The r e s u l t s  conf i rm what  one  might  have guessed  p r io r  to  s o l v i n g  
t h e  groblem, namely t h a t  i n  t h i s  case t h e  c o n t a c t  p r e s s u r e  would 
be very  close t o  t h a t  o b t a i n e d  from a r i q i d  circular punch on a 
h a l f  p l a n e  and t h e  stress i n t e n s i t y  fac tor  k ( 0 )  would be close t o  
t h a t  o b t a i n e d  from a c o n c e n t r a t e d  f o r c e  s o l u t i o n  a s  g i v e n  by ( 2 5 ) .  
The s o l u t i o n  fo r  t h e  c i rcular  punch on h a l f  p l a n e  is  
f ( t )  = -& 2 p  @ - x 2  , (-c < x < c ) ,  
- 2P - -  
fmax n c  e 
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This  is  seen t o  be almost t h e  same r e s u l t  g iven  i n  t h e  t a b l e .  Also 
numerical  r e s u l t s  i n d i c a t e d  t h a t  f (r)  ob ta ined  from ( 1 4 )  w a s  ve ry  
n e a r l y  symmetric w i t h  r e s p e c t  t o  the p o i n t  r = d .  
stress i n t e n s i t y  factor f o r  t h e  concen t r a t ed  load P a c t i n g  a t  
x1 = Rcot(a-Bo) = R may be e v a l u a t e d  from (25)  and i s  found t o  be 
k ( 0 )  = -0.7215 P / ( ? T R ~ ’ ~ )  which is t h e  same as t h a t  o b t a i n e d  for  
For 0,=135O t h e  
y = O . O l .  Even though i n  t h i s  case no e x t e n s i v e  numerical  work is 
warran ted  because of the a v a i l a b i l i t y  of the  closed form s o l u t i o n  
f o r  t h e  concen t r a t ed  loads, f o r  s p l i t t i n g  wedges having a relative- 
l y  large r a d i u s  o f  c u r v a t u r e  around t h e  c o n t a c t  area (b-a)/(b+a) 
may be s u f f i c i e n t l y  large so t h a t  t h e  concen t r a t ed  load s o l u t i o n  
may n o t  be r e p r e s e n t a t i v e .  I n  such cases t h e  t echn ique  described 
i n  t h i s  paper  would g i v e  t h e  s o l u t i o n .  
(c) Rigid wedge w i t h  one s h a r p  co rne r .  
The p a r t i c u l a r  examples cons ide red  i n  t h i s  group are 
d e s c r i b e d  by Figs .  l a ,  l b ,  and Id .  Table 5 g i v e s  t h e  r e s u l t s  for 
the problem shown i n  Fig.  lb. 
r i g i d  wedge. The h a l f  a n g l e  o f  t h e  e las t ic  wedge i s  assumed t o  be 
B o = 1 6 S 0 .  Thus, f o r  a O < 1 5 0 , a  i s  known, b i s  unknown and t h e  con- 
t a c t  stress is of the  fo l lowing  form 
Here a. is  the h a l f  a n g l e  of the  
( r =  cx+d, c = (b-a) /2 ,  d = ( b + a ) / 2 ) .  ( 4 3 )  
For a o >  lSO, b i s  known, a i s  unknown, and 
The Table shows on ly  one set of r e s u l t s  o b t a i n e d  f o r  ( 2 c / L ) =  0.1 
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Table 5. The r e s u l t s  for a r i g i d  wedge w i t h  one s h a r p  c o r n e r .  
(eo  = 1650, ( ~ C / L )  = 0.1). 
1+K k (0) F (1) F (-1) 
aO - m P  - P/ (TL1-W) ~F77iEr 'iq7iiFIl 
S o  (L=a) 0.02831 0.9622 0.9989 1.0004 
10' (L=a) 0.01405 0.9622 0.9989 1.0004 
20°(L=b) 0.01341 0.9867 1.0005 0.9984 
1.0005 0.9984 25' (L=b) 0.02703 0.9867 
t 
and for  v a r i o u s  values of a0. 
sponding t o  t h e  c o n c e n t r a t e d  applied load P a c t i n g  a t  r = L  is 
k ( 0 )  = -0.9770 P/(ITL 
a n  i n c l i n e d  r ig id  punch on a h a l f  p l a n e  co r re spond ing  t o  (43) and 
( 4 4 )  are 
The stress i n t e n s i t y  factor  corre- 
. The s o l u t i o n s  of the related problem of l - W )  
f ( r )  = P /EZ = /E TTC r-a l+x 
f ( r )  = -- l-x I 
where i n  b o t h  cases F(Z1) = P / ( I T c ) .  I t  is  s e e n  t h a t ,  u n l e s s  t h e  
wedge angles a0 and .rr-e0 are v e r y  close t o  each  o t h e r ,  i n  t h i s  case 
too t h e  c o n c e n t r a t e d  load s o l u t i o n  ( i n  c o n j u n c t i o n  w i t h  t h e  h a l f  
plane s o l u t i o n  ( 4 5 ) )  may be q u i t e  adequate. 
The second example i n  t h i s  group is described by  Fig .  l a .  I n  
t h i s  case it is  assumed t h a t  t h e  nose  of t h e  r i g i d  wedge i s  b l u n t e d  
by t w o  c i r c u l a r  arcs t a n g e n t  t o  t h e  s t r a i g h t  wedge boundar i e s .  
Note t h a t  even though t h e  arcs have t h e  same r a d i u s  R, t h e y  are n o t  
n e c e s s a r i l y  c o n c e n t r i c .  
and b ,  R and a. ( t h e  l e n g t h  of t h e  s t r a i g h t  l i n e  p r o f i l e  of t h e  
wedge) are known c o n s t a n t s  with ( a o / R )  = 2 and ( b / R )  = 3 .  
t a c t  stress i s  of t h e  form 
I n  t h e  example it i s  assumed t h a t  B 0 = 1 6 5 O ,  
The con- 
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(r = cx+d, 2c = b-a, 2d = b+a) . (46) 
0 0.05 0.10 0.20 0.30 0 . 4 0  
1 0 0.388 1.063 2.761 4.929 7 . i13  
0.665 0 0.479 1.316 3.489 6.136 9.052 
0.265 0 0.656 1.812 4.854 8.633 12.88 
-0.190 0 1.082 3.022 8.286 15.15 23.33 
-0.606 0 2.397 6.951 20.83 46.67 63.44 
-1 0 32.39 43.10 62.79 80.99 97.37 
0 0.0139 0.0396 0.1130 0.2123 0.3312 1+K - m  
The problem is  a g a i n  so lved  i n  an i n v e r s e  manner by assuming t h e  
contact area as known and c a l c u l a t i n g  t h e  cor responding  load P.  
The c o n t a c t  area is c h a r a c t e r i z e d  by 
y = (ao - a ) / R  . 
Table 6 shows some of t h e  c a l c u l a t e d  r e s u l t s .  The c o o r d i n a t e  x 
(47) 
and t h e  c o n t a c t  stress c o e f f i c i e n t  F ( x )  shown i n  t h e  Table  are 
d e f i n e d  by (46) .  
The l a s t  example i n  t h i s  group is t he  problem of an  e l a s t i c  
wedge of a n g l e  200=300  p res sed  i n t o  a r i g i d  v i s e  shown i n  F i g .  Id. 
I n  t h i s  example it i s  assumed t h a t  ( a / R )  = 4 ,  (bo/R) = 6 ,  y = (b-bo)/R 
and 
where R aga in  i s  t h e  r a d i u s  of t h e  v i s e  p r o f i l e  a t  t h e  b l u n t e d  end 
18 
and bo-a i s  t h e  l e n g t h  of t h e  s t r a i g h t  l i n e  port ion of t h e  contact 
region. The r e s u l t s  are shown i n  Table 7. 
1 0.606 0.190 
0 0 0 0 
0.03 3822 93.83 52.57 
0.05 4550 219.1 122.3 
0.10 6006 619.2 342.5 
0.20 8845 1797 974.4 
Tab le  7. The r e s u l t s  f o r  t h e  e las t ic  wedge pressed i n t o  a r i g i d  
vise. y = (b-b,)/R, ( a / R )  = 4 ,  (bo/R) = 6. The q u a n t i t y  
shown for  various values of x i s  t h e  contact stress 
coefficient 104F (x) ( 1 + ~ ) /  ( 4 p R )  (see (48)  ) . 
-0.265 -0.665 -1 
0 0 0 0 
35.11 24.13 16.02 0.0119 
81.62 56.07 37.13 0.0277 
228.6 156.7 103.6 0.0787 
649.7 443.5 287.6 0.2297 
I t  shou ld  be p o i n t e d  o u t  t h a t  i n  p rac t ica l  a p p l i c a t i o n s  t h e  
f r i c t i o n  between t h e  r i g i d  wedge and t h e  e las t ic  medium may n o t  be 
n e g l i g i b l e  as assumed i n  t h i s  paper A l s o  as a r e s u l t  of e x c e s s i v e  
wedging load c r a c k i n g  may t a k e  p l a c e  a t  the  apex of t k e  wedge. 
These t w o  aspects of t h e  problem w i l l  be dealt  w i t h  i n  a f o r t h -  
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